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Abstract

We describea modelwhich approximategull covariancesn a Gaussiamixturewhile reducingsignificantlyboth
the numberof parameterdo estimateand the computationgequiredto evaluatethe Gaussiarlikelihoods. In this
model, the inversecovarianceof eachGaussiarin the mixture is expressedasa linear combinationof a small setof
prototypematriceshataresharedacrosscomponentsin addition,we demonstratéhe benefitsof a subspacedctored
extensionof this modelwhenrepresentingndependentr nearindependenproductdensities We presenmaximum
likelihoodestimationalgorithmfor thesemodels,aswell asa practicalmethodfor implementingt. We show through
experimentsperformedon a variety of speechrecognitiontasksthat this model significantly outperformsa diagonal
covariancemodel, while using far fewer Gaussian-specifiparameters.Experimentsalso demonstratehat a better
speed/accurgdrade-of canbeachievedon areal-timespeechrecognitionsystem.
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I. INTRODUCTION

A majorbottleneckto thescalabilityof Gaussiammixturemodels(GMM) in high dimensionss the quadraticnature
of theGaussiarwovariancesln aspacewith asfew as20dimensionsthenumberof parameterdevotedto representing
Gaussiartovariancess alreadyoneorderof magnitudegreatethanthe numberof parameterglevotedto the Gaussian
means.Thismeanghat,evenin aspacewith areasonablgmalldimensionalitywhendataassignedo a givenmixture
componenis scarce the covariancematrix of this componenis goingto be affectedfirst by the lack of data,even
whenthatamountof datawould be sufiicientto estimatehe componens mixtureweightandmeanvectorreasonably
well.

It is alsowidely known thatthe maximumlik elihood estimatorof a covariancematrix is not well conditioned:in
thelimit, while ameanvectoris still well definedif a singleinputvectoris assignedo the componentthe covariance
matrix is singularif therearefewer input vectorsthanthe dimensionalityof the space.A goodintroductionto these
issuescanbefoundin [1, Chapterl]. Thislack of robustnesf the covariancematrix estimatodimits the scalability
of aGMM in two ways:

« thenumberof parameterpercomponenbeinglargein highdimensionthenumberof componenté themixture

cannotgrow largerthana smallfractionof the sizeof thetraining set,

« thedimensionalityof the input spacewhich canbe modeledusinga GMM cannot grow to large valueswithout

compromisingobustness.
In addition, the evaluationof the log-likelihood of a Gaussiarcomponenamountsto computinga quadraticform in
the input parameterswhich requiresa numberof floating point operationswvhich is quadraticin the dimensionality
This computationakxpensecanbe prohibitive for statisticalmodelsthatareusedin real-timeapplications.

However, one of the very attractive featuresof GMM is thatthey allow trading of someof the resolutionat the
componentevel for anincreasedchumberof components$n the mixture. It is very commonto imposesomestructure
to the covariancematrices,thus reducingthe numberof parametergequiredto describethem, while growing the
numberof componentsn the mixture to compensatéor the lossin precision. The simplestway of achiering this is
to constrainthe covariancego be diagonal. For a given componentthis implies an assumptiorof independencef
the featurecomponents.However, with a larger numberof componentsievotedto the sameportion of the feature
spacethe mixture canstill modelcorrelationgo an arbitrary precision. Constrainingthe covariancego be diagonal
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implies that the datamodeledby eachcomponenis assumedo be uncorrelated.However, the joint probability of
several componentsn the mixture doesnot needto be decorrelatedo be modeledaccurately The benefitsof this
assumptiorlie in the factthat a diagonalcovariancehasa numberof parametergqualto the dimensionality This
removesto alarge extentall the scalabilityissuesof the GMM by keepingthe numberof parametersequiredto model
the covarianceequalto the numberof parameterslescribingthe meanvector In addition,the costof evaluatingthe
log-likelihoodof ary Gaussiann the mixtureis now linearin thedimensionaswell.

In thecontext of acoustianodelingfor automaticspeechrecognition(ASR), theassumptiothatfeaturecomponents
aredecorrelatedholdsto someextent. Typical speechinput featuresareweakly correlatedoecausdhe final stageof
the front-endprocessings someform of whitening of the featurevector This canbe achiered througha Discrete
CosineTransformthatapproximateshe Karhunen-Léwe transform[2] in the caseof standardMel filter-bankcepstral
coeficients (MFCCs)[3], perceptualinear prediction(PLP)[4] or RASTA/PLP [5]. Anothercommonapproachis
to uselineardiscriminantanalysig6] on a higherdimensionafeaturespaceto extractorthogonaffeatures.However,
explicit modelingof the correlationsgenerallyleadsto bettermodels[7], bothin termsof improving recognition
accurag andreducingthe size of the mixturesrequiredto modelthe acoustics.Several schemesmposingwealer
constraintgo the covariancematriceshave beenproposedo improve the simple diagonalmodel. In generalthese
modelsbelongto oneof threecategories:

« modelsfactoringthe Gaussiangnto independensubspaceshus constrainingthe covariancesto have a block

diagonalstructurg8],

« modelsusingatransformof thefeaturespaceto bettermatchthe decorrelatiorassumptiorj9], [10], [11],

« modelsperforminganexpansionof the covariancematrix into simplerapproximation$12], [13], [14], [15].

In the following, we presentanefficient way of modelingandestimatingcovariancesn a GMM througha mixture
of inversecovariancegdMIC). The MIC modelrepresentgachinversecovariancematrix asa linearcombinationof a
small setof prototypematrices.While the prototypematricesare sharedacrosscomponentsthe linear combination
weightsare Gaussian-specifi@llowing a controlledtrade-of betweerprecisionof the modelandthe percomponent
compleity. We then exploit the idea of subspacdactorizationto improve the model for productsof independent
or nearindependensources. We derive maximumlikelihood estimationalgorithmsfor thesemodelsand describe
a practicalimplementation. An implementationof this modelon a real-time ASR systemshaws that this method
improvesaccurag significantly over a standarddiagonalmodel, and provide a significantly betterspeed accurag
trade-of.

Sectionll describesheMIC modelandrelatedapproachesSectionlll appliesthe MIC modelto acoustianodeling
in ASR. SectionlV detailshow to computea GMM usingthe MIC modelanddescribeshe variouscompleity trade-
offs. SectionV describethe maximumlikelihood estimationalgorithms. Finally, SectionVI details experimental
resultson avariety of ASR tasks.

Il. MIXTURES OF INVERSE COVARIANCES

A GMM for a D-dimensionainput vectoro, composedf M Gaussiansvith priorsw;, meansu,; andcovariances
¥.; canbeexpresseds:

M
f(O) = ZwiN(Oa M E’L)
=1

B L omm) T (omm)
N(o,pi, i) = We 2 v ¢ 1)

Althoughthis formulationformally treatstheinput asa mixture of Gaussiarsourcesin mostcaseghereis only one
sourcegeneratingheinput signal,andthe variousmixture componentare usedto modelthe non-Gaussianityf its
distribution. As aconsequencéherearestrongrelationshipsetweertheparametersf thevariouscomponentén the
mixture.

This is generallythe casein acousticmodelingfor ASR. The input featuresareweakly correlatedwith eachother
acrosghe entirefeaturespace andthis decorrelatiorcanthusbe expectedto reflectin the covariancestructureof all

Where:



components.In addition, someof the featurecomponentsuchas cepstralderivatives are typically computedfrom
othercomponentsintroducingsomerecognizablepatternsin the structureof typical covariancematrices. This last
pointwill bediscussedn moredetailsin Sectionlll.

Assumingthatthereis indeedmuchredundang in the parametersf the covarianceof atypical GMM, it is natural
to considercompressinghisinformationinto fewer parameterghatcanbe estimatedobustly, andwhichwill resultin
amorecompactepresentationf the probability density By treatingthe covarianceparametersisa highly redundant
input signal,technique®f lossycompressiorsuchasvectorquantizationVVQ) [16] canbeappliedto the problem.

In theMIC model,theinversecovariances in themixturearerepresentedsinga smallsizedcodeboolof prototype
symmetriamatricesUy, k € [1, K. In contrastith a“hard” clusteringechniquesuchasVQ, thedegreeof association
of agiveninversecovariance: with a prototypek is representetly ascalar); ; € R, sothat:

K
5 =) A U (2)
k=1

In thatrespectthis formulationis similar to mixture modelssuchasgeneralizechdditve models[17, Chapter9] or
fuzzy clustering[18, ChapterB], which make a soft decisionwhenassociatinga datasampleto a mixture component.
Notethatunlike the caseof mixturesof densitiesthe mixture“weights” ., ; arenot constrainedo sumto oneor even
to be positive. In [15], we constrainedhe ¥, to be positive definite, but herewe will not make that assumptiorin
generalandwill highlight the benefitsof having a positvity constraintvhenthey specificallyarise. Thereareseveral
argumentdn favor of asoft clusteringschemeasopposedo ahardonein thecurrentcontext. In particular theoverall
scaleof typical covariancematricescanvary dramatically andthis featureis well capturedn theweightsof the MIC.
In addition, the soft clusteringmodelretainsa numberof Gaussian-specifiparameters— the K weights, K being
anywherebetweenl and D(D + 1)/2, which makesit muchmoreexpressie at a controlledlevel of compleity. In
SectionlV, we will seethatthecomputationatompleity of this modelis directly proportionatto K.

A. RelatedAppmoadces

By imposingsomeadditionalstructureonto the prototypesmary differentcovariancemodelscanbe expressedn
theform of MIC. Considertthe symmetriccanonicabasisof matricesE; ;, whoseelementsare0 everywhereexceptat
locations(z, 7) and(j, i) wherethey arel. Theunconstrainedull covariancemodelcanbeexpressedy having:

Uy, k €[1,D(D+1)/2) = E; ;1 <j<i<D
andthe diagonalcovariancemodelby having:
Uy, = Eg i,k €[1,D]

It is clearthatby relaxingthesestrongconstraint®nthestructureof theprototypesabettermodelcanbeachiezedwith
the samenumber(K) of Gaussian-specifiparametersSeveralwell-knowvn covariancemodelsfall underthis general
class. Semi-tiedcovarianceg10] expresseachinversecovariancematrix 33;° ! using a diagonalinversecovariance
matrix D; andatransformA sharedacrossGaussians:

27t =AD;AT

Thecomputationabenefitsof thismodelareobvious,sinceit differsfrom aplaindiagonaimodelby asimpletransform
of the featurevector As wasremarledin [13], by consideringthe rows n,, of the transformmatrix A, anddy, ; the
diagonaltermsof matrix D, this canberewritten as:

D
= de,mwl
k=1

'Inversecovariancematricesaresometimeseferredto as“precisionmatrices”or “concentratiormatrices”. The choiceof modelinginverse
covariancesasopposedo covarianceds driven by the log-likelihoodof a Gaussianyhich hasa simpleexpressiorasa function of theinverse
covariance(Equationl).



Sinceary rank-onematrix canbeexpressediniquelyasthe productof a vectorandits transposethe semi-tiedcovari-
ancemodelis aninstanceof the MIC modelin Equation2 with K = D, andwith soleconstraintRanK¥) = 1.

Factoredsparsanversecovariancematriceq9] area moreconstrainednodelin which thetransformA is anupper
triangularmatrix with onesalongthe diagonal. The mainbenefitof this modelis thatthe optimizationof thetransform
matrix in the EM framework is now linear, owing to thefactthat|;!| = |D;| is independenof thetransform.In this
casetheclassof prototypematricesthatcorrespondo this modelis a collectionof rank-oneblock-diagonamatrices
generatedby thefamily of vectors:

T

"7;‘::[0...0 1 n;c,k-f—l"'n;c,D]

k

In [13], the extendedmaximumlik elihoodlineartransform(EMLLT) modelwasintroducedgeneralizinghe semi-
tiedapproacho K > D. Finally, arecentpublicationpresentedhe subspacef precisionsandmeang SPAM) model
[14] whichindependenthgeneralizedhe mixture approacho matricesof ary rank.

B. Class-basedPrototypeAllocation

As the numberof matricesto be modeledgrows, the numberof prototypesrequiredto modelall the covariances
accuratelymightgrow to thepointof makingthejoint estimatiorof all theprototypesaswell asthe Gaussiatik elihood
evaluation computationallyexpensve. (SeeSectionlV for a detailedanalysisof the computationalcost of these
models).For moreefficient modeling,onemight considerusinga class-basedecompositiorof the Gaussiamixture
andallocatea distinctpool of prototypego eachclass:

Kc
Vi € C, Ez_l = Z/\k,i\IJC,k
k=1

This limits the numberof Gaussian-specifiparameterso K¢, while allowing the pool of prototypesto grov much
larger Thedeterminatiorof appropriateclassesanbedictatedby the problemat hand,or derivedin aprincipledway
in the samevein asclassifiedvQ approachefl6, Section12.5].

C. Subspacéactorization

An extremely powerful extensionof the basicmodelis to considerthe caseof probability densitieswhich, at the
componentevel, canbe assumedo be the productof independentr nearindependentlistributions. In this situation,
the covariancematricesof the mixture componentwill have a block-diagonaktructure.Note thatwe do notrequire
the completedistribution to be (near)independentsincethe differentmixture componentganstill modelcorrelated
events.However, thelimit caseof adistribution whichis globally the productof independendlistributionsis usefulto
illustratethefollowing point: if the probability densityin oneof theindependensubspacebearsno relationshipwith
thedensityin distinctsubspaceghenthereis no modelingbenefitat clusteringthe distinctsubspacepintly.

Let usthusconsidera block-diagonaimodel,with anindependensetof prototypesandbasedor eachsub-block.
ConsideringL covariancesub-blocksof dimensionalityD :

K
—1
5= M W,
k=1

The advantageof this modelare multiple. First, the global estimationproblemis decomposeéhto multiple, lower-
dimensionalproblemsthat will be lessexpensve to solve. In addition, the costof evaluatingthe log-likelihood of
a subspaceaictoredmodel is lower. The last advantageis of combinatorialnature: a block-diagonalsystemwith
L subspaceand K prototypesper subspaceontainsimplicitly K “full” prototypeswhile only requiringK L
weightsper Gaussian As a result,for a given numberof Gaussian-specifiparametersthe subspaceactoredmodel
canmale useof alargercollectionof prototypeghanits single-blockcounterpart.

This meanghatif theindependencef the distinctsubspacesanbe assumedthereis a modelingbenefitin using
a block diagonalmodelinsteadof a full covariancemodel. This subspacelecompositiormethodis knowvn in coding



aspartitionedvQ [16, Section12.8] which is the simplestinstanceof a productcode. In ASR, this hasbeenusedto
revive the conceptof VQ-basedacousticmodelingusing discretemixture hiddenMarkov models(DMHMM) [19],
which comparewell with standarchiddenMarkov models(HMM) which useGMM asunderlyingdensitymodels,
andallow for amorecompactrepresentationf cepstralparameter$20]. In GMM/HMM systemsthe sameideahas
beenexploited by performingsubspacelusteringof the Gaussiani a mixture[21].

I11. APPLICATION TO ACOUSTIC MODELING

In acoustianodeling,GMM aretypically usedin conjunctionwith HMM [22]. Eachstateof theHMM corresponds
to asub-phonetiainit, andthe conditionalprobability of theacousticsgiveneachstate ijs modeledusinga GMM. All
of theGMMs from all the statesn theHMM canbe consideredsalarge GMM with the samecomponenparameters,
exceptfor the mixture weightswhich are now state-dependentf a Gaussiarin the mixture doesnot correspondo
a given state thenits state-dependenteightis 0, otherwiseit is unchangedThis analogyextendsto the estimation
algorithmitself: for the purpose®f estimatingthe stateGMM parameterghe Baum-Welch estimationalgorithmcan
actuallybetreatedasan EM algorithm[23] overtheentirepooledGMM.

In the simplestapproachthe MIC modelcanthusbe usedto tie the completesetof covariancesn the acoustic
model. All the Gaussiangrepooledinto a single GMM usingthe priors estimatedrom the HMM stateoccupang
probabilities,andthe prototypesareestimatecn the entiremixture. A slightly moreinvolved approachusesseparate
MIC for distinct stateclasses.For this purpose stateclassescanbe constructedn a data-drven fashion,or using
linguistic knovledgederived from the sub-phonetianits associatedavith eachstate. While this leadsto a significant
increasedn the total numberof parametersn the system the additionalcompleity at run time canbe alleviated by
only computingthe prototype-dependeéfieaturedor the active statesatary giventime duringthedecoding.

In orderto take adwvantageof the subspacedactoredapproachit is necessaryo determinewhich correlationcom-
ponentscan be discardedwithout ary loss. The following analyzeshe caseof modelsbasedon MFCC [3] feature
vectors anddemonstratsomenon-intuitive resultsasto which componentesf the MFCC-derived covariancematrices
arerelevant. SectionVI-D will latershav experimentakesultsvalidatingthis approach.

Theglobalstructureof a covariancematrix resultingfrom a MFCC input vectoris describedn Figurel.
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Fig. 1. Structureof covariancematricesdescribingMFCC inputs. Sortingthe MFCC featurevectorinto 3 blockscontainingrespectiely the
cepstrafirstandsecondrderderivative, thecovariancematrix canbedecomposeahto 9 blocks. For example block (d) modelsthecorrelations
betweerthe cepstrafeaturesandtheir derivatives

Eachcomponenbf the matrix modelsdistinct typesof correlations someof which canbe qualifiedasstructual,
andothersincidental Structuralcorrelationsresultfrom the way featurecomponentsare computedrom eachother
leadingto dependenciebetweenthem. Incidentalcorrelationsare a resultof the relationshipsetweencomponents
pre«isting in the databeingmodeledjndependentlypf the front-endprocessing.

A goodexampleof structual vs. incidentalcorrelationoccurswhenbuilding MFCC dervativesout of the cepstral
coeficients. Typically, for a giveninput obseration o( ) attime , the derivative would be computedby applyinga
finite impulserespons€FIR) filter ontothe obseration sequencsuchasdepictedin Figure2. Thecommonfeatures

Fig. 2. Profile of a FIR filter usedto computethe cepstralderivative from a sequencef obsenations. Note that the value of the input at
is nottypically usedin the computationwhichimpliesthatcorrelationshetweerthe cepstrumandits derivative will only resultfrom time
correlationdn thesignalitself.

of thefilters usedarethatthey estimatethe value of the signalat 0 andsubtractit from an estimateof the signal



at > 0 overasmallwindow. Notethatherethe currentinputo( ) is notinvolved. As aconsequenceayry correlation
arisingbetween ( ) ando( ) wouldbeincidental i.e. would be providing informationabouttherelationshipbetween
consecutie framesof data.

Whencomputingthe secondorderderivatives, a typical profile would be asdepictedin Figure3. In this casethe

Fig. 3. Profileof aFIR filter usedto computethe cepstralsecondderivative from a sequencef obserations. Note thatthe value of theinput
at is heavily weightedby this type of filter, which impliesthattherewill be structuralcorrelationsbetweenthe cepstrumandits second
derivative.

componenio( ) is explicitly partof the expressionof (), andthustherewill be a structuralcorrelationbetween
thei MFCC componentndits corresponding ( ) component.Theseconsiderationgenerallyhold regardlesof

the actualimplementatiorof the computationof the derivatives, however the exact distribution of structuralcorrela-
tions dependsighly on the specificsof the featureextraction. Figure 4 illustrateswhich component®f the inverse
covariancematrix arestructurallylarge in magnituddn the situationjust described.

Fig. 4. Structuralcorrelationsn atypical MFCC-derivedinversecovariancematrix. Thelarge magnitudecomponentsretheresultof theway
the second-ordederiativesarecomputedrom the cepstrakoeficients.

Theimportanceof this distinctionlies into the following obseration: while structuml correlationsareusuallylarge
in magnitudethey do not provide ary realinformationaboutthe data,andthusmodelingthosewill notimprove the
modelmuch.Ontheotherhand,incidentalcorrelationscanbe smallerin magnitudeput they bring informationabout
thedata,andexplicitly representinghesewill improve the model.

To illustrate this point, the following experimentswere carriedout. Several otherwiseidentical acousticmodels
weretrainedusingdifferentcovariancestructuresThe errorratesof recognitionexperimentsun usingtheseacoustic
modelsarereportedn Figure5. Thetest-sets describedn SectionVI. Each(m) representablock of non-zercentries
in the covariancematrix, while anemptycell denotesntriesthatwerezeroed.
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Fig.5. Errorratesfor differentcovariancestructuresrangingfrom diagonal(top-left) to full (bottom-right).Notethatmostof thegainresults
from modelingwithin-block correlationsalongthe diagonal.Adding the block correspondingo correlationsbetweercepstraand 2, mostof
which arestructural, doesnotimprove theaccurag significantly Introducingcorrelationsetweercepstraand improvesthe performancédy
aproportionallylargeramount.

FromFigure5, it is clearthatmodelingthe correlationswithin blocks,i.e. incorporatingthe 3 blocksdenoted, b
andc in Figurel into themodel,is responsibldor alarge partof the benefitsof full covariancemodelingwith respect
to diagonalmodels. It is alsoclearthataddingthe correlationsbetweerncepstraand  (block f), which arelargein
magnitudebut mostly structural,doesnot causea significantdecreasén errorrate. On the otherhand,incorporating



correlationsbetweencepstraand  coeficients (block d) bringsthe performanceof a 2 block systemcloseto the
performanceof afull covariancemodel.

In conclusionjt appearghatthreeclasse®f modelsareof interestfor MFCC-basedystem.Thesearethe models
whoseerrorratefiguresareunderlinedn Figure5. Thefirst model(onthelowerright of thefigure)is afull-covariance
model,thatwill bereferredto asa*“1-block” model. Thesecondneis a“2-block” model,oneblock modelingjointly
thecepstraand featuresandthe secondmodelingthe . Thethird “3-block” modelusesoneblock per groupof
features.cepstra, and . Detailedanalysisof the performanceof MIC appliedto thesemodelsis carriedout in
SectionVI-D.

IV. LIKELIHOOD COMPUTATION
Thelog-likelihoodof Gaussiarni for obsenationvectore canbewritten:

i0)=1i (0 w)' (0 m)
usingthe constant:
i=>( 7' D 2n)

Whens; 1= K 0

K
1 _
i(0) = 5#;21 ' Z)‘k,i_OT\I’kO
S———— k=1 S—
1T
% lﬂi o
N———
Theterm !y > !u; canbeabsorbednto theconstant?. Thevector [ ... x]' isindependentf theGaussian

andcanbe computedasanadditional K -dimensionafeaturevectorappendedo o. ; is a D-dimensionalGaussian-
specificvector which leadsto expressinghe Gaussiarcomputatiorin termsof:

(0]
« An extendedfeaturevector:o’ = ,

« A Gaussian-specifiparametewector: ’ = ’: swith 5 = [Ag... Akq] T

3
(3
Usingthis notation thelik elihoodcanbeexpressedsa scalamproductbetweerthesewo K + D dimensionalectors:

ilo)="1 1o

This computatiorrequiresD + K sumsandproductsto be comparedvith 2D for adiagonalGaussianNotethat K
canbesmallerthan D, in which casethe Gaussianarelessexpensve to evaluatethanin the diagonalcase.

Thefront-endoverheads limited to the computatiorof . Whenthe prototypesarepositive definite,the quadratic
form canbe decomposeihto its Cholesly factorization:

1

—Uy = Ly L}

2
Theresultingcomputation:

r0)=1Ljo k= k()" (o)

useontheorderof L KD multiplications.

Whenusinga class-basedpproactwith  classesthisoverheadgrovsas! KD , unlessheclasseso whichthe
significantGaussianbelongcanbe predictedandcomputationganbe saved. Thisis the casefor examplewhenusing
state-dependeictassesn aHMM: only the correspondingo active statesneedto becomputed.



Whenusinga subspacedctoredmodel,the front-endoverheads reducedo:

1 1
- KD < -K D
'Y KD < K D)

In bothcasesthelog-likelihoodcomputatioritself is unafected.
Note that, usingthis formulation, it is possibleto perform partial evaluationof the Gaussiarfor the purposesof
quickly pruninginsignificantGaussiang the mixture. Since:

We have theinequality:

S.N S.~

<

i

This upperboundon the likelihoodcanbetestedwithout ary additionalcomputationprior to a full evaluationof the
Gaussianin orderto determindf the Gaussians significantor not.
It is alsocommon[24] to weightthe Gaussiariog-likelihoodin amixtureby afactor < 1 suchthat:

M
fl0) =Y wilN (o, p;, Ti)]
i=1

This exponenttypically improvesthe performancéy reducingthe dynamicrangeof the Gaussiarscoresvhendiago-
nal covariancesareused.Whena MIC modelis used, needdo betunedfor the particularmodelused.In thelimit,
themodelapproximatesloselyenoughthe full covariancethevalue =1 is optimal.

V. MAXIMUM LIKELIHOOD ESTIMATION OF THE MODEL
Thesamplecovarianceestimatedrom theobserationso andpriors ; will benoted:

¥ :Z (0 w)o w)' ®3)

Giventheindependenparametersy;, u,;, andthe samplecovariancey;, the parametersf themodel (¥, ), with:

T = Uy,...,0g

= 1y---H5 M

canbeestimatedointly usingthe EM algorithm[23].
Using "A = (A4 T),theauxiliary functioncanbewritten:

M
(T, ) = Y > 4 =
=1
(0 1)'Zio w)
= Zwi =7 I o (4)

With the constrainthat:



A. Castingthe Problemin Termsof Corvex Optimization

Maximume-likelihood estimationof the parameterg¥, ) of the modelcannot be performedby a direct method.
However, owing to theconcaity of  |A| when A is positive definite[25], andto thelinearity of the trace,boththe
functions (¥| )and ( |¥)areconcaeonthedomainy; 0 (read“the domainin whichall thecovariances;
arepositive definite”). Moreover, thedomains:

. / Vi, A%k 0
. U/ Vi, MN;¥p O
arebothcorvex.

Thus,the problemof jointly estimatingy and canbe decomposeihto two convex optimizationproblemsto be
solvediteratively:

Maximize ( |¥) | Maximize (¥| )
Subjectto € Subjectto ¥ €

It is interestingto relatethis approacho the classicLloyd clustering[16, Section6.2] and EM algorithms. The
maximizationof ( |¥) is similar to the nearesmneighborpartitioning stepof Lloyd, exceptthat the partitioning
performedhereis a“soft” allocationof the covarianceto the variousprototypes.In thatrespectit is similarto the £
stepof the EM algorithmappliedto GMM, which computedhe classallocationweightsfor eachmixture component.
Themaximizationof (| ), ontheotherhand,is akinto thecentroidcomputatiorof theLloyd algorithmor the M
stepof the EM algorithm,which both attemptto comeup with a bettersetof component-dependeparametergjiven
thefixedcomponentllocationscheme.

Here,thedistortioncriterionusedfor boththe“partitioning” andthe“centroidcomputationisthe function.Upto
constantermsi,it is identicalto theMDI criterion,which hasalreadybeenusedasa criterionto clusterGaussian§26]
in thedesignof Gaussiamixtures.In the sectionghatfollow, we describea successionf algorithmsfor reestimating
theweights,initializing theweights,reestimatinghe prototypesandinitializing the prototypesof aMIC.

B. Reestimatiomf the Weights

Theweightestimationgiventhe prototypecovariancesanbe performedefficiently usinga Newton algorithm[27].
Thegradientof theauxiliary functioncanbe computedusing(seee.qg.[28]):

AOL_ 4o A0
Thus:
v == (Zil)
Since:
s DI WE 75 3§
Thegradientis:
vl Up(X %) (5)

In the following, we will sometimesepresenta symmetricmatrix A in vectorform — noted , constructecy
stackingtogethetthediagonal andthesuperdiagonals ;,7 € [1,D 1] multipliedby 2:

=[ T 27... 25
The 2 factorensureshat:

(4)= "
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This identity mapsa symmetricmatrix representatiomndits associatedrrobeniusnorminto a vectorrepresentation
with minimal dimensionality(D(D + 1)/2) andthe morefamiliar L norm. It is alsoa memory-eficient way of
representingymmetricmatriceswvhichis well suitedto theimplementatiorof thereestimatioralgorithms.Usingthis
corvention,anddenoting =[ ;... ], wecanwrite Equation5 as:

i i) (6)

AL A _
Whichresultsin:
Z.
e \j ?
Ak A k A
= (T30 5]

Underthemild assumptiorof linearindependencbetweerthe ¥, the Hessiaris invertible.

Proof: If .,k € [1, K] isanindependentamily, sinceX; is full rank,sois .3, k € [1, K] . Consider
theK D(D+1)/2matrix ; whosek columnlistsall theentriesof ¥;3; in ary consistenbrder Thematrix
is nonsingularandwe have:

Thusforary = 0:

andconsequently ; is negative definite,thusinvertible. |
In the unlikely caseof someprototypesheinglinearly dependenbn others,all the inversecovariancesxpressedisa
linear combinationof the prototypescanalwaysbe expressedasa function of a smallersetof independenbnes,for
whichthe Hessiarwill beinvertible.

Theoptimizationcanbe noticeablysimplified by remarkingthatfor ary covarianceX:

Tl= (@R Y)=D (= )

For tobeamaximum-likelihoodweightvector the gradientin Equation6 is necessarilyero,and:
Thus,using:

We have:

.
-D— (7)

in which is constrainedo live. Denoting  abasisof theorthogonabf T , wehave:

!

= +
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Thegradientascentilgorithmcannow beperformedon ' € (), whichis of dimensionK 1, by projecting

the Newton updateonto ( ). TheHessiarcanbe computedeasilyusingEquation7 at eachstepof theiteration,
leadingto anupdatestep:

— -1 T( )

Which, projectedonto ( ), becomes:

= (8

By concaity of ( |¥), thealgorithmwill corvergeto aglobalmaximum.The Newton update:
+ 9)

corvergesafterafew iterations.In general = 1, althoughin thefirst stepsof theiterationit sometimesieedso be
reducedo preventintermediateestimate®f to stepout of

C. Weightlnitialization
If the prototypesarepositive definite,then €

Proof: Thek elemenbf = T is:
M= = (T )
Since¥; and arepositive definitesymmetricmatrices, (¥, ) = Ax > 0. As aconsequence, = Y

is alinearcombinationwith positive weightsof positive definitematrices.Fromthe definitionof positve-definiteness:

Ve, TU, >0, A\, >0 > TT >0
k

And is positive definite,whichimplies € . [ |
We will seein SectionV-E that the methodthat we usefor generatingthe initial prototypesguaranteegositive-
definitenessandthus  canbeusedto initialize the algorithm.

D. Reestimatiomf the Prototypes

In orderto reestimatehe prototypesgiven the weights,the  function in Equation4 hasto be maximizedwith
respecto eachprototype¥,. With A a symmetricmatrix, usingthe cofactordecompositiorof the determinantwe
have (seee.q.[29]):

Al iy =
A ij 1=
Where ; ; arethecofactorsof A, andA ; ; denoteghe (i, j) entryof matrix A.
Similarly, if A=, \pAg:

|A| Ak 1,5 =]
Ay 1,j 20 i,j t=17
Thus:
AL e /1A i=j
Ay 22X, ig/lAl i=3

= ) 2471 (A



Consequently:

M M
Yo = Y
i=1 =1

With A asymmetricmatrix, we alsohave:

4 ) _ ii i=j
Z;j ]:i + %, 1= -7
And thus:
A4 )_ T
v + ()
Wecanseethatif A = | Ay A and  is symmetric:
(4 )
= 2
o M ()]
Thus:
M M
—— Z w; 2_12 = Z ’LUZ)\]CJ[QZZ
ko =1
Consequently:
M
— = ) widi 2% % i
T i1
For A symmetric:
24 (A)=0 A=0

As aconsequencaye canreplacethelikelihoodgradientby:
!

Uy

M
> wide; i T
i=1

TheHessiarof theauxiliary function ' is:
!

L Sue
Uy Wy part T

) 3

3

M
Uy
= D wid S —
i=1 k

(34)]

PP

12

(10)

Let's denoteby E; ; the matrix containingall Os exceptlsat locations(z, j) and(3,:), andby f thej columnof

DI
' M
EE— N SE S

L M
T T
= ZwiAk,i[ ii Tl

1+

*og=1

(11)
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Sincethereareonly D(D + 1)/2 of the D entriesof the prototypematrix thatareindependentwe needto represent
thematrix in minimal form for the Hessianto beinvertible. Using the notationdefinedin SectionV-B, we canwrite
the Newtoniterationas:

M
k et T w0 (12)

Notethatbecausef the 2 scalingfactorof the off-diagonaltermsof ¥, (representeds ), andof X; (repre-
sentedas ), theentriesof the Hessiammatrix needto be scaledaccordingly
TheHessianhowever, is notguaranteedo beinvertible. In particularif 2M D, it is alwayssingular:
Proof: Eachcolumnof the Hessiarcontaingn vectorform the entriesof the matrix:

M
D wih SiE | % 1< < <D
i=1

Letsassum&@M  D. SinceRankKE ) < 2,thenRank ) < 2M. Thus,thefamily = 1< <

< D is containedn the spaceof symmetricmatricesof rank smalleror equalto 2M, which is a strict subspace
of the vectorspaceof symmetricmatrices.The vectorspaceof symmetricmatricess of dimensionalityD (D + 1) /2
(E,,1< < <D isacanonicabasisforit), andthus livesin aspaceof dimensionalitystrictly smallerthan
D(D+1)/2. Sincethenumberof vectorsin is D(D+1)/2, thefamily is notlinearlyindependeniandconsequently
the Hessiaris singular [ |
This conditionis not necessaryandin mostcaseshe numberof covariancesn the GMM is large enoughfor this
boundnot to be reached.A simple regularizationmethodsuchas flooring of the eigevalueswill guaranteghata
singularityof the Hessiarmatrix never causeshe Newton iterationto abort.

The exact gradientand Hessiancould be expensve to computeusing theseequationshecausef the potentially
large numberof covariancedn the GMM. However both canbe well estimatedoy addingup the contritutions of a
smallsubsebf significantGaussiansA principledway of selectingthe Gaussianss to sortthemby the magnitudeof
their relative weightin Equationsl0 and11, which are |w; Ak ;| for the gradlentandwz/\,c ; for the Hessianandonly
accumulatehe contrikutions of the Gaussiansvith the highestweight. However, it is beneficialfor the overall speed
of thealgorithmnot to have to computethe weightsfor all the Gaussianat eachiterationbeforebeingableto make
thedecisionwhetheror notto usethemto reestimatahe prototypeslt is thusmoreefficientto selectat the beginning
of the iterative processa setof significantGaussiandasedonly on w; andonly run both the weight and prototype
reestimatioralgorithmon those.In thefollowing experiments)essthan10% of the Gaussiansvere usedto estimate
the gradientandlessthan1% wereincorporatednto the Hessian As previously, the stepsize hassometimedgo be
reducedo asmallervaluein thefirst iterationsto avoid steppingout of thedomain

E. Prototypelnitialization

Theinitial setof prototypesanbegeneratedby ahardclusteringschemethe M Gaussiartovariancesreclustered
down to K initial prototypesby usingthe Lloyd algorithm. A Kullback-Lieblerdistancecriterionis used,sinceit is
anaturalchoiceof a metric[26] betweenGaussiansThe distancebetweerthe Gaussiat€mmeanscanbeignored,since
only the covariancesareof interest.In addition,thevariationsin the scaleof the prototypes— i.e. their determinant
canbenormalizedfor, sincethesearecaptureddy theweightsin Equation2:

= |53t (13)
Thedistancemeasuraisedfor clusteringis thus:
ATy, ¥)= 0 '+ T T (14)

For simplicity, the centroidfor eachclusteris computedasthe averageof all the covariancesallocatedto this cluster
As aconsequenceachcentroidis guaranteedo be positive definite,which allows usto usethe simpleweightinitial-

ization schemedescribedn SectionV-C. Experimentallyit hasbeenobsered thatthe speedof corvergenceof the
globalalgorithmis muchimprovedwhensuchclusteringis applied,asopposedo a morenawe initialization scheme.
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F. Implementatiorof the Algorithm

Theimplementatiorof thealgorithmontop of aBaum-Welchreestimatioralgorithmis fairly straightforvard (Table
). Theiteratve MIC reestimationscheme— steps6 to 10 — needsto be implementedat eachstep of the EM
reestimationafterthe ML estimationof the samplemixture weights,meansandcovariancesin thefirst iteration,the
prototypescan be initialized usingthe VQ schemedescribedn Tablell. Note that at eachEM stage the iteration
betweenthe weight estimation(Tablelll) andprototypereestimation(TablelV) needonly to be carriedover a small
subsebf all the Gaussiani themixture,sinceonly afractionof thecovariancesareusedto reestimatehe prototypes.
In thefinal iterationhowever, the weightsfor all the covariancesave to bereestimated.

The only implementatiordetail worth noting in TablelV is the two-phaseapproacho the prototypereestimation
algorithm.In afirst phasgTablelV, 1 to 8), thealgorithmgoesthrougheachprototypeanddoesoneNewton updateat
eachpass.in theseconphasgTablelV, 9to 17),theNewtoniterationsarerepeatedintil thegradientis smallenough.
Thereasorfor usingthis approachs thatin thefirst few iterations,all the prototypesarefar from the optimum.When
updatingaparticularprototype thefirst Newton stepsarelargein magnitude .This meanghatthe gradientandHessian
estimatedor otherprototypeswhich dependin every prototypein the MIC, will changedramaticallyat eachNewton
stepwhich is taken. As a consequencat is not beneficialto take several consecutie Newton stepsin onedirection
sincethis directionwill changedramaticallyafteronecycle throughthe prototypes After afew cycles,howvever, some
prototypeswill becloseto their optimal,while otherswill still bevery farfromit. Cycling throughthe prototypesand
performingoneNewton updateeachtime becomesnefficient becausehe algorithmkeepson updatingwell estimated
prototypesFor this reasonthe secondohaseoptimizesthe prototypesoneat a time until corvergence.

TableV shaws typical valuesfor the variousiterationloops. Thesevary somavhat with the dimensionalityof the
problem,but the overall numberof Newton updatess well within the hundredgor boththe weightsandprototypes,
which makesthe overall algorithm computationallytractable. Figure 6 shaws thatthe likelihood increasefrom the
iterative procesgypically reaches plateaun about6 iterations.

1 generaténitial GMM (without MIC)
2 for EMiteration=1to N
3 computesuficient statisticsfrom dataandmodel:
i = o = 00"
4 computemixtureweightsandmeans:
w; = i, /M, pi= ;/w
5 computesamplecovariancegEquation3)
if N==
6 subsetovariancedasedn w; (SectionV-D)
7 initialize prototypegSectionV-E andTablell)
endif
for iteration=1to P
8 estimateweights(Sectionsv-B, V-C, Tablelll)
9 updateprototypegSectionV-D andTablelV)
endfor
10 estimateweightsfor all covariances
(sameasstep8)
11 updatemodel
endfor

TABLE |
OVERVIEW OF THE EM ALGORITHM

V1. EXPERIMENTS

In this section the MIC modelis appliedto aGMM usedfor acoustianodelingin aHMM-basedcontinuousspeech
recognitionsystem.A comparisoragainstsemi-tiedcovarianceds carriedoutin SectionVI-B. In SectionVI-C, the
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normalizecovariancedeterminant¢Equation13)
selec initial prototypesout of theM covariances
for VQ iteration=1t0 Q
for covariancei =1to M
find closestprototypek (Equationl14)
accumulatestatisticsfor this centroid:
k= kt ¥, k= pt+l1
endfor
7 reestimateentroids: ¥y, = / &
8 fix emptycells(seee.g.[16])
endfor

ok, WNPRE

TABLE I
OVERVIEW OF THE PROTOTYPES INITIALIZATION

=

for covariance= 1to M
initialize weights(Equation?)
for iteration=1to V
computegradient(Equation6)
breakloopif gradient
compute (Equation8)
do =1, decreasing
updateweightvector(Equation9)
while covariancenot positive definite
endfor
endfor

N

co~NO Ol A~ W

TABLE Il
OVERVIEW OF THE WEIGHTS REESTIMATION

accurayg gainsarereportedfor MIC modelsat variouslevels of parametriccompleity. The subspacedctoredmodel
is exploredin SectionVI-D, andthe class-basedpproachin SectionVI-E. Finally, the speed/accurgctrade-of is
exploredon acompletereal-timeASR systemin SectionVI-F.

A. ExperimentaSetup

Therecognitionengineusedis a contt-dependenHMM systemwith 3358triphonesandtied-mixturesbasedon
genoneq30]: eachstateclustersharesa commonsetof Gaussiansyhile the mixture weightsare state-dependent.
The systemhas1500genonesaind32 Gaussianpergenone.Thetest-seis a collectionof 10397utterance®f Italian
telephonespeechspanningseveral tasks,including digits, letters,propernamesand commandists, with fixed task-
dependengrammardor eachtest-setThefeaturesare9-dimensionaMFCC with  and

Thetraining datacomprises89000utterancesEachmodelis trainedusingfixedHMM alignmentgor fair compar
ison. The GMM areinitially trainedusingfull or block-diagonatovariances— dependingpnthe MIC structureused
— using Gaussiarsplitting [31]. After the numberof Gaussiarper genoneis reachedusingsplitting, the sufiicient
statisticsare collectedandthe MIC modeltrainedin oneiteration. For this reasonthe performanceesultsreported
herearelower boundsontheaccurag thatis achievableusingthe MIC model. Betterperformanceavould certainlybe
achiered by jointly optimizingthealignmentsandby reiteratingthe MIC trainingafew times.

Theaccuray is evaluatedusinga sentencainderstandingrror rate, which measureshe proportionof utterances
in the test-sethatwereinterpretedncorrectly The Gaussiarexponent (seeSectionlV) wasglobally optimizedfor
eachmodelontheentirecollectionof test-sets.
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1 foriteration=1t0oS
2 for prototype=1to K
3 estimategradient(Equation10)
4 estimateHessianEquationl1)
5 do =1, decreasing
6 updateprototype(Equationl2)
7 reestimategyradient(Equation10)
8 until  minimizing gradientis found
endfor

endfor

do (outerloop)
9 for prototype= 1to K

do (innerloop)

10 estimategradient(Equation10)
11 breakinnerloopif gradient
12 estimateHessianEquation11)
13 do =1, decreasing
14 updateprototype(Equationl?2)
15 reestimateyradient(Equation10)
16 until  minimizing gradientis found
loop

endfor

17 loopunlesggradient for all prototypes
TABLE IV

OVERVIEW OF THE PROTOTYPES REESTIMATION

EM iterations lor2
weights/prototypesptimizations
VQ iterations

weightoptimization 10
prototypeoptimization:initial loop =
prototypeoptimization:outerloop
prototypeoptimization:innerloop 10

TABLE V
TYPICAL NUMBER OF ITERATIONS

B. ComparisoragainstSemi-Ted Covariances

Semi-tiedcovarianceq10] is a very closelyrelatedmodelto the MIC asdiscussedn Sectionll-A. To compare
thetwo approacheghe numberof Gaussian-specifiparameterin the GMM waskeptconstan{27) for theMIC and
semi-tiedmodels.TableVI shavs theerrorrateonthetest-setdescribedreviously. Theerrorratereductionusingthe
MIC modelis morethan3 timestheerrorratereductionobtainedwith semi-tiedcovariances.

C. Accumacyvs. Compleity

Figure7 shavs how the modelperformsasthe numberof Gaussian-specifiparameterghange.The MIC model
almostmatcheghe performancef afull-covariancesystemwith about45 Gaussian-specifiparametersAs few as9
parameteraresuficient for the modelto matchtheaccurag of the diagonalcovariancesystem.
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-182.08 -
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-182.12

Log-likelihood

-182.14

-182.16 -
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-182.2;
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Number of iterations

Fig. 6. Increasen the functionasa functionof the numberof iterations.Oneiterationcorresponds$o runningthe prototypereestimation
followedby theweightreestimatioralgorithmonce.In thefirstiteration,theinitial prototypesarecomputedusingVQ.

Structure | Error Rate | Relative Improvement
Diagonal | 9.64% -

Semi-tied| 9.24% 4.1%
MIC 8.29% 14.0%
TABLE VI

ERROR RATES ON A SET OF I TALIAN TASKS

D. Subspace-facted Approad

Fromtheanalysisin Sectionlll, we would expecttwo thingsfrom a subspaceactoredmodelusingMIC:

1) In thelimit of large numberof Gaussian-specifiparametersthe modelshouldtendto the performanceof a
systemwhereeachGaussiarhasa separatdlock-diagonakovariance(Figure5). Thusits performancewill be
worsethanafull covariancesystem.

2) In thelimit of smallnumberof Gaussian-specifiparameterghe subspacedctoredsystemsshouldoutperform
a full-covarianceMIC systemdueto the effect of having a muchlarger numberof effective prototypesin the
systenmfor asamenumberof weights.

Figure 8 shaws thatit is indeedthe case: with 9 parametersthe 3-block systemperformsas well asthe 1-block
system,and outperformsit with only 3 parameterswhile the 2-block systemoutperformsthe 1-block systemup to
approximatelyl6 Gaussian-specifiparameters.In theseexperiments,the numberof parametersallocatedto each
block waskeptproportionatto the block size,but theallocationschemecouldalsobe optimized.

Notethatbecausef the front-endcomputationsfor a givennumberof Gaussian-specifiparametersghe computa-
tional complity of a 3-block systemwill belower thanthe computationabompleity of a 2-block systemwhichin
turnwill belowerthanthe computationatompleity of a 1-blocksystem.This meanghatin thelimit of low number
of Gaussian-specifiparametersalthoughthe accurag of a 2-blocksystemis comparabldo theaccurag of a 3-block
systemthelatterwill be computationallymoreefficient.

E. Class-basedppmoadc

TableVIl compareghe performanceof a 2-block systemwith systemdor which the acousticmodelis partitioned
into a seriesof phonetically-dexied classesThe gainsobtainedfrom usinga class-basedpproacharesmall,anddo
notcomparewvell to thegainsthatwould be obtainedoy increasinghe numberof Gaussian-specifigarameterswhile
it is possiblethatthe phoneticclusteringusedhereis sub-optimalandthata more data-drven approactwould shav
larger gains,it is very likely thatwith sucha large numberof Gaussiangn the system the optimal setof prototypes
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+ semi-tied covariance|

— full covariance
—<— MIC

10

95~

Error Rate
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Fig. 7. Accuragy asafunctionof thenumberof Gaussian-specifiparametersThe performancef the diagonalsystemis around10%. As the
numberof Gaussian-specifiparametergrows, theaccurag of the MIC approachethe accuray of thefull covariancemodel.

10.5

T T
® O diagonal
\ + semi-tied
\ —— 3 blocks
\ —— 2 blocks
10 N — — full covariance ||
A —&— MIC (3 blocks)
A —— MIC (2 blocks)
N —0— MIC (1 block)

Error Rate

85

75 I I I I I I
0 5 10 15 20 25 30 35 40 45

Number of Gaussian parameters

Fig. 8. Accuray as a function of the numberof Gaussian-specifiparameterdor the 2-block and 3-block subspacedctoredapproach,
comparedvith the 1-blockfull covariancesystem.

derivedfor aparticularphoneticclassis closeto the optimalfor theentireGMM, andthatsignificantaccurag benefits
will only shav with amuchlargersetof classeswhich makesthe approachunappealingn this context. Nevertheless,
sincethe front-endoverheador 2-block systemds rathersmall, thesesmallaccurag gainscomewith an extremely
limited computationatostandcanbe of interestin contexts wherethe Gaussiartomputationglominatethe front-end
processing.

F. Speedss. Accuacy

Figures9 and 10 shav how variousconfigurationgperformin real-timeervironments,respectiely on small and
large perpl«ity tasks. Eachcurve depictsthe performanceof a given systemat variousdegreesof pruningin the
acousticsearch. By tradingthe numberof searcherrorsagainstthe numberof active hypotheseén the search the
accuray of thesystemcanbetradedagainsits speed Boththesmallandlarge perpleity test-set@redravn from the
Italian test-setlescribedn SectionVI-A, andcontainrespectiely 5098and4612utterances.

Becausef thelargerfront-endoverheadncurredby systemausingthe MIC modelwith full covarianceg1 block),
therelative slovdown on test-setswith low perpl«ity is muchlargerthanthe slovdown on high-perplaity test-sets.
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-
Ind
o

i
N

# parameters # classes ErrorRate
9 1 9.23%
9 3 9.14%
9 11 9.10%
27 1 8.61%
27 3 8.62%
27 11 8.48%
TABLE VII

T
— - diagonal

—+— 2 blocks / 3 parameters
-8~ 2 blocks / 9 parameters
—— 1block / 18 parameters
—— 1 block / 27 parameters

—©- 1 block / 45 parameters [

Error rate
[ =
© e °© " =
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©

o
2]

Il Il Il Il Il
0.12 0.14 0.16 0.18 0.2
Percentage of real-time CPU usage

Fig. 9. Speed/Accuractrade-of onasetof low-perpleity tasks.Theerrorrateis plottedagainsthe fraction of real-timeCPU computations
requiredto performrecognition.

Whenusingmodelswith multiple blocks,this effectis muchsmalleranddoesnotappeato influencetheresults.Thus,
thefaster2-block systemsscalewith the perpleity of thetaskapproximatiely in the sameway asthediagonalmodel
does.Thespeedmprovementof a 3-blocksystem(not plotted)comparedo a 2-block systemwith similar compleity
is never large enoughto compensatéor thelossin accurag.

Typically, anoptimally tunedrecognizemould operatan the lower-right half of the speed/accurgacurve, closeto
thekneeof thecurve, wheretheefficieng of thesystemis maximizedwhile notsacrificingaccurag by ary significant
amount. For boththe smallandlarge perpleity test-setsthe 9 parameter 2 blockssystemis the fastesimodelthat
would operateat the samelevel of accurag asthe baselinediagonalmodelat its optimal operatingpoint. In both
casesthe speedncreasds aboutl0%atno costin accurag. In bothcasesaswell, thefull covarianceMIC systemis
the mostaccurateat the samespeedasthe diagonalsystemat its optimal operatingpoint. The accurag gainwithout
ary slovdown is about13%for the low-perpleity test-setsand8% for the high-perplgity test-sets.

Overall, the different model architecturesallow for a wide rangeof operatingpoints, and makes a systemwith
an accurag comparablego the accurag of a full covarianceMIC system(45 parameter 1 block) reachableat an
additionalcostin computationf approximately50%. On the sametest-setthe increaseof computationincurred
whenusinga full covariancemodelis approximatelyl100%.

VIlI. CONCLUSION

A low-compleity approximationto full covarianceGaussiammixture modelswasintroduced,alongwith robust
maximumlik elihood estimationalgorithmsto computethe parameter®f this model. A low-compl«ity subspace-
factoredapproactextendingthatmodelwasalsointroduced.andboth modelswereappliedto acoustic-modelindor
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Fig. 10. Speed/Accuractrade-of atvariouslevelsof pruningon large-perpleity tasksfor the sameconfigurationsasFigure9.

ASR.Whenusedin the contet of a GMM-basedHMM acousticnodel,this classof modelsleadto a broadrangeof
systemswhich,in comparisorwith a standarddiagonalsystemcanbe:

asmuchas10%fasterat no costin accurag,
about10% moreaccurateat no costin speed,
or aboutl6% moreaccurateat a 50%costin speed.
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